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Empirical Risk Minimization

William of Ockham

Consider multiple 
“simple” hypothesis

and
choose one that fits well 
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Empirical Risk Minimization

Strongly rely on the specific 
training samples available

Not clear how to address 
corrupted samples or 
distribution shifts

The quantity optimized at 
learning is not very meaningful 

Fitting training samples is not 
directly related with the 
prediction process



Robust Risk Minimization

John von Neumann

Consider multiple scenarios 
consistent with the data

and
choose a rule with small error 

in the worst scenario
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Robust Risk Minimization

Consider multiple scenarios 
consistent with the data

and
choose a rule with small error 

in the worst scenario



Robust Risk Minimization
Presence of corrupted samples 
or distribution shifts can be 
included on the considered 
scenarios

The quantity optimized at 
learning can provide an upper 
bound for the prediction error

Learning process analyzes the 
prediction performance of 
different rules

Can be too pessimistic with too 
broad feasible scenarios
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Maximum entropy principle

Words = {w}

<latexit sha1_base64="XryTOt8VwbzYCZYl+cUBI7vtmKc="></latexit>

Codes = {c}

<latexit sha1_base64="6h/4cAEMG1Br8lHBmF7F3KSaiKI="></latexit>

`(c, w) = [c(w)]

<latexit sha1_base64="j0xLoj60X53L/Srk9vbZD7i9omE="></latexit>

w ⇠ p(w) 2 �(Words)

<latexit sha1_base64="/VcjlX0IY0Ot0NA7gO6n7nvt4v8="></latexit>

c : Words ! {0, 1}⇤
“cat” 7! c(“cat”) = 1, 0, 1, 1

<latexit sha1_base64="bs9HCnUjZ81oMC8GPBSRkasJncg="></latexit>

[Jaynes, Phys. Rev., 1957], [P. Grünwald and A. P. Dawid, Annals of Statistics, 2004]  

Given by expectation constraintsp 2 U

<latexit sha1_base64="NExpx7WEcaE5wIixJ0nPOW0D84M="></latexit>

! max
p2U

H(p)

<latexit sha1_base64="BP01QINpPANCIcMwthfV5aeya8I="></latexit>

min
c2Codes

Ep`(c, w) = min
c2Codes

`(c, p) = �Ep log2 p = H(p)

<latexit sha1_base64="Ly3XrodAd2Y4zkDr0BVo0CVBAUc="></latexit>



Supervised classification
Examples = {(x, y)}

<latexit sha1_base64="lwwk/0c7VRxxoJ4NoekYdnV0PYk="></latexit>

x instance or attribute

<latexit sha1_base64="zwYjH9TmZUxV2ozYBkk0OZSH2t0="></latexit>

y label or class

<latexit sha1_base64="nruMXGvOvEzLB74EO9cYb7aUeEo="></latexit>

Classification rules = {h : X ! �(Y)} = T(X ,Y)

<latexit sha1_base64="22W5rDPFv1EEmz0Ekgwy3vdro3o="></latexit>

H`(p) = min
h2T(X ,Y)

Ep`(h, (x, y)) = min
h2T(X ,Y)

`(h, p)

<latexit sha1_base64="IE834at8T3YCujvGuhbJpnPWVAU="></latexit>

`-entropy for classification

<latexit sha1_base64="T7w9a+RCX7oa1fUF24HvJhbfSKc="></latexit>

`0-1(h, (x, y)) = 1� h(y|x)

<latexit sha1_base64="GpQ5er/fVAUcLkob/maIJKme+IM="></latexit>

`log(h, (x, y)) = � log h(y|x)

<latexit sha1_base64="6aVmgGvdXYXtNJJw3CGpEZpUTfc="></latexit>

H0-1(p) = 1�
X

x2X
max
y2Y

p(x, y)

<latexit sha1_base64="rANS7Nojzr1gqscHcKs5JaFclp4="></latexit>

Hlog(p) =
X

x2X ,y2Y
p(x, y) log

p(x)

p(x, y)

<latexit sha1_base64="KrXx0xiQmDkBTQZmDcVjhh9+868="></latexit>

`0-1(h, (x, y)) =

⇢
1 if h(x) 6= y
0 if h(x) = y

<latexit sha1_base64="ZhzzvVTV7rBQUQBVAXyihj3+VWI="></latexit>



Maximum entropy and minimax rules
p⇤ underlying distribution of instance-label pairs

<latexit sha1_base64="eFsXDGf7tPVB4lf3GsKc2yZq9Gw="></latexit>

H`(p
⇤) = min

h2T(X ,Y)
`(h, p⇤) Bayes risk

<latexit sha1_base64="kBp1+zojpHzI35hdKD26jGyd290="></latexit>

H`(p
⇤) = `(hBayes, p

⇤), hBayes Bayes classifier

<latexit sha1_base64="JzrxMjqmcdAq1AOWgNLyT+S3Jv0="></latexit>

H`(p)

<latexit sha1_base64="//8jCAvfzc9PdqnWKRw1230vgHU="></latexit>

Entropy

<latexit sha1_base64="ACiQ7jKP2XExhlyEUpjJKkReJLA="></latexit>

Bayes risk

<latexit sha1_base64="aLqtvOT+44SHhHj7AP4OG5Zwp2s="></latexit>

H`(p
⇤)

<latexit sha1_base64="ZvSSmRauP89TS3mG2ENNZOTpL1U="></latexit>

p⇤

<latexit sha1_base64="vRqVWTK16XpVwJgt3lppKwgAAjE="></latexit>

hBayes

<latexit sha1_base64="m3hD7BmRP+p+6b7WjYAB6o5pOKw="></latexit>

Expected loss

<latexit sha1_base64="IVw8LnhPddyRasElByjzvUczYwg="></latexit>

`(h, p)

<latexit sha1_base64="0SphmayPhRsbny7GtRYT7Qa1tE0="></latexit>

Classification rules h

<latexit sha1_base64="k1d1xMeNxoWcNgAvVMn7wRioaSo="></latexit>

Prob. distributions p

<latexit sha1_base64="Km3sPcLSMnaVD5Mbi1haZU+XsTk="></latexit>

U

<latexit sha1_base64="tMD9Mo884OPh1+t/NFL7mPWUS5w="></latexit>



Maximum entropy and minimax rules

pU 2 argmax
p2U

H`(p) Maximum entropy distribution

<latexit sha1_base64="uaGLpNoXYX2VyXPJVvrNc9jTz/0="></latexit>

hU 2 arg min
h2T(X ,Y)

⇣
max
p2U

`(h, p)
⌘

Minimax risk classifier

<latexit sha1_base64="AZMqIDhYanr7kETYD73zuxoTkIg="></latexit>

`(h, p)

<latexit sha1_base64="0SphmayPhRsbny7GtRYT7Qa1tE0="></latexit>

max
p2U

`(h, p)

<latexit sha1_base64="PIQ5bg2+aDmzGB8aK1w3zuSzodM="></latexit>

U

<latexit sha1_base64="Shs7tavSbb2g7C1GCgTj3m3B550="></latexit>

hU

<latexit sha1_base64="WSdAdpWVWcv/pU2hI/AzD0lczy4="></latexit>

pU

<latexit sha1_base64="k9+Bmc5N1PIc3RscXaavAU5KVFs="></latexit>

H`(p)

<latexit sha1_base64="//8jCAvfzc9PdqnWKRw1230vgHU="></latexit>



Maximum entropy and minimax rules
Theorem [S. Mazuelas, Y. Shen, A. Perez, IEEE Trans. Inf. Theory, 2022]

H`(U) = max
p2U

H`(p) = `(hU
, pU) = min

h2T(X ,Y)

⇣
max
p2U

`(h, p)
⌘

<latexit sha1_base64="OYFnTCMDAO8wboy4K9a8dauuKyg="></latexit>

hU 2 argmin
h

`(h, pU)

<latexit sha1_base64="d66FwAMjO89CcUT2b20RGvTZTOQ="></latexit>

pU 2 argmax
p

`(hU , p)

<latexit sha1_base64="d+0op006tIEsk9Pgw+s5RdiLlZc="></latexit>

`(h, p)

<latexit sha1_base64="0SphmayPhRsbny7GtRYT7Qa1tE0="></latexit>

U
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hU
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pU

<latexit sha1_base64="k9+Bmc5N1PIc3RscXaavAU5KVFs="></latexit>

H`(U)

<latexit sha1_base64="ZCw5d5yET8B/nbCw+yimxmqgllY="></latexit>

Maximum

<latexit sha1_base64="PWIq/rJtkpKFaxaLP5Tgi6ReFG4="></latexit>

entropy

<latexit sha1_base64="po1siuoBtz7uPlArZMcWZfz0ErA="></latexit>

p⇤

<latexit sha1_base64="vRqVWTK16XpVwJgt3lppKwgAAjE="></latexit>



Maximum entropy and minimax rules
Theorem [S. Mazuelas, Y. Shen, A. Perez, IEEE Trans. Inf. Theory, 2022]

H`(U) = max
p2U

H`(p) = `(hU
, pU) = min

h2T(X ,Y)

⇣
max
p2U

`(h, p)
⌘

<latexit sha1_base64="OYFnTCMDAO8wboy4K9a8dauuKyg="></latexit>

p⇤ 2 U ) H`(p
⇤)  `(hU

, p⇤)  H`(U)

<latexit sha1_base64="h+j0y95ApbZtjYpzinswR5jgKYI="></latexit>

`(h, p)

<latexit sha1_base64="0SphmayPhRsbny7GtRYT7Qa1tE0="></latexit>

U

<latexit sha1_base64="Shs7tavSbb2g7C1GCgTj3m3B550="></latexit>

hU
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pU
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Maximum
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entropy
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`(hU , p⇤)

<latexit sha1_base64="dWGAvBlQX2al8iNY6qs2e+UAEs0="></latexit>

p⇤
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Minimax Risk Classifiers (MRCs)

� : X ⇥ Y ! Rm feature mapping

<latexit sha1_base64="tNfeNgrk2+2kdIgK2UWEeq1+rZE="></latexit>

�(x, y) = ey ⌦ (x),

<latexit sha1_base64="kH1UO1A+vT7ti0uLX2aLezA+DtQ="></latexit>

e.g., random features Ep(v){ v(x) v(x
0)} = k(x, x0)

<latexit sha1_base64="mKlSoP3LCHnQWZy65ZmFP7LtO48="></latexit>

 (x) = [ v1(x), v2(x), . . . , vD (x)]
T

<latexit sha1_base64="0AYuehtuNIM1AB4gOWP3LQDJgOc="></latexit>

⌧n =
1

n

nX

i=1

�(xi, yi)

<latexit sha1_base64="2brhYC+Dc49bLUSnTw9xs11StV0="></latexit>

� confidence vector at level 1� �

<latexit sha1_base64="AvIPRrRdV8q9pFWI4eKF4TZqNJg="></latexit>

) p⇤ 2 U w.p. � 1� �

<latexit sha1_base64="QOFU00a635TuPqAe/5ECml3RU94="></latexit>

U =
n
p 2 �(X ⇥ Y) : |Ep{�}� ⌧ | � �

o

<latexit sha1_base64="SOc0cyKyXITft3bQ5/YZt16iLjA="></latexit>

PMRC : min
h2T (X ,Y)

max
p2U

`(h, p)

<latexit sha1_base64="jhQejSQvbIyv3A20CayznYTUg2Y="></latexit>



MRCs Learning. Representer Theorem
Theorem (0-1 loss) [S. Mazuelas, A. Zanoni, A. Perez, NeurIPS 2021]

Let                   be a solution of
 

where                                                                     . 

If                            satisfies

Then   

µ⇤ 2 Rm

<latexit sha1_base64="eADEKhH7gPYISmzJbRjYZ+y6tlw="></latexit>

hU 2 T (X ,Y)

<latexit sha1_base64="jkKfnECFsCji8xeSAOHMj3ai9Pc="></latexit>

'(µ) = max
x2X ,C✓Y

P
y2C �(x, y)

Tµ� 1

|C|

<latexit sha1_base64="vxhpn5GXSS+7t03iD8p9LEva7qg="></latexit>

hU(y|x) � �(x, y)Tµ⇤ � '(µ⇤), 8x 2 X , y 2 Y

<latexit sha1_base64="hm33W8M8cYWYufnrOehBRWHO3Fk="></latexit>

hU 2 arg min
h2T (X ,Y)

max
p2U

`(h, p)

<latexit sha1_base64="OY1NrpgelejWZKgWPcf9ETeqgRg="></latexit>

H0-1(U) = R(U) = 1� ⌧Tµ⇤ + '(µ⇤) + �T|µ⇤|

<latexit sha1_base64="pYgvAe1S5FD1Qi08lWjbNOsZWUg="></latexit>

min
µ2Rm

1� ⌧Tµ+ '(µ) + �T|µ|

<latexit sha1_base64="1YtcADUyjIFir4nTzCzLzJE64RE="></latexit>
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• Multidimensional adaptation to concept drift



MRCs Generalization Bounds

The MRC given by         is the optimal minimax rule for    :
                                                                                                     s.t.
Theorem [S. Mazuelas, M. Romero, P. Grünwald, JMLR 2023]

 
In particular, if 

w. p. at least           .  
          

µ1

<latexit sha1_base64="HU+Vo8/Mm4BdxL87Ec4SstaVt4k="></latexit>

�

<latexit sha1_base64="GyQx8WI640i6P4UUEkHoshtTlqY="></latexit>

R�  R(U)

<latexit sha1_base64="i5dQHyp2TW2JNPIRhRzYWStClYA="></latexit>

U = {p 2 �(X ,Y) : |Ep{�}� ⌧ | � �}

<latexit sha1_base64="ArSrN21yr/Nm4TEx08hOONLhcwg="></latexit>

p⇤ 2 U

<latexit sha1_base64="VHPkixlRIMBECoQy+p4Awy5kYnY="></latexit>

R� = min
µ

1� Ep⇤�(x, y)Tµ+ '(µ) = 1� Ep⇤�(x, y)Tµ1 + '(µ1)

<latexit sha1_base64="GpV6SJojbBo3qPP3q0pF7j+BMDI="></latexit>

1� �

<latexit sha1_base64="CzYsxuL92nZsfAVDLtAGsF3wUyo="></latexit>

8

<latexit sha1_base64="ZQCgBI/maRNhmfMA8D4Ktoy10Ew="></latexit>

R(hU)  R(U) + (|Ep⇤�� ⌧ |� �)T|µ⇤|

<latexit sha1_base64="orzniw8/WP9ietN1raDQ/AUCeQw="></latexit>

R(hU)  R� + |Ep⇤�� ⌧ |T|µ1 � µ⇤|+ �T(|µ1|� |µ⇤|)

<latexit sha1_base64="ODF2jcQVih+7DNcQUpYl5cT2dZc="></latexit>

P{|Ep⇤�� ⌧ | � �} � 1� �

<latexit sha1_base64="gGEaFbSkMC+uZBaU/zaS7kOu4ec="></latexit>

R(hU)  R(U)

<latexit sha1_base64="py+2FK/hKLndw2ttCYkcjEo9DAE="></latexit>

R(hU)  R� + 2�T|µ1|

<latexit sha1_base64="ChiHw5hwGljYIA1GIhEKZMwuyL4="></latexit>



MRCs Universal Consistency
Theorem [S. Mazuelas, M. Romero, P. Grünwald, JMLR 2023]

Let       be a feature mapping given by        random features 
corresponding with a characteristic kernel.
If                          , for any underlying distribution      we have that  

with probability 1.
If       is the MRC  given by      samples and  

for any underlying distribution      we have that  

with probability 1.

�n

<latexit sha1_base64="ETMYeVMN1NVsQktYMcnlBHRKt4k="></latexit>

Dn

<latexit sha1_base64="YghRcUXFeYUXZCy1mEDaiByfnyY="></latexit>

lim
n!1

Dn = 1

<latexit sha1_base64="9qPsw0RnWm8a2yv5iyJsjNYR3n8="></latexit>

lim
n!1

R�n = RBayes

<latexit sha1_base64="QTAnxN0/1emOP7kmD1GbEUhCuKo="></latexit>

p⇤

<latexit sha1_base64="xBJPMMRlvY09VpvNQtSEkmtYrY4="></latexit>

hn

<latexit sha1_base64="sTjJPjQMm3KTUuN43vqafVYxN1g="></latexit>

n

<latexit sha1_base64="x4osJRZnR3JRc2Orl+BqDv6m/Uk="></latexit>

lim
n!1

�n = 0

<latexit sha1_base64="i8VUenfdsF3WnYz1McIvQKEluyY="></latexit>

lim
n!1

�n

p
n/ log n = 1

<latexit sha1_base64="gdYWBaKgLhQXqTHpbfT2DCz8qpY="></latexit>

p⇤

<latexit sha1_base64="xBJPMMRlvY09VpvNQtSEkmtYrY4="></latexit>

lim
n!1

R(hn) = RBayes

<latexit sha1_base64="EFDAATokc6LhA+NyYvegDt/gyZQ="></latexit>
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<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...
<latexit sha1_base64="hx8MCIHqLUsywEW8tP5iN7ytikk=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA0lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8O/M7j1wboZIHnKQ8iOkwEZFgFK3k97QYjpBqrZ76lapbc+cgq8QrSBUKNPuVr95AsSzmCTJJjfE9N8UgpxoFk3xa7mWGp5SN6ZD7liY05ibI5ydPyblVBiRS2laCZK7+nshpbMwkDm1nTHFklr2Z+J/nZxjdBLlI0gx5whaLokwSVGT2PxkIzRnKiSWUaWFvJWxENWVoUyrbELzll1dJ+7Lm1Wve/VW1US/iKMEpnMEFeHANDbiDJrSAgYJneIU3B50X5935WLSuOcXMCfyB8/kDwReRhw==</latexit>!

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="hx8MCIHqLUsywEW8tP5iN7ytikk=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA0lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8O/M7j1wboZIHnKQ8iOkwEZFgFK3k97QYjpBqrZ76lapbc+cgq8QrSBUKNPuVr95AsSzmCTJJjfE9N8UgpxoFk3xa7mWGp5SN6ZD7liY05ibI5ydPyblVBiRS2laCZK7+nshpbMwkDm1nTHFklr2Z+J/nZxjdBLlI0gx5whaLokwSVGT2PxkIzRnKiSWUaWFvJWxENWVoUyrbELzll1dJ+7Lm1Wve/VW1US/iKMEpnMEFeHANDbiDJrSAgYJneIU3B50X5935WLSuOcXMCfyB8/kDwReRhw==</latexit>!

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="f4+sBTQZj84jPVjyNr3FA0CpqwI="></latexit>

ht+1 = ht � kr`(ht, (xt, yt))

Supervised classification under concept drift

For instance,

accounts for a global rate of change

<latexit sha1_base64="f4+sBTQZj84jPVjyNr3FA0CpqwI="></latexit>

ht+1 = ht � kr`(ht, (xt, yt))

<latexit sha1_base64="uhUHK4rICLQPXBKgRMuUpLw3bTI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1WXBjcsq9gFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF40vOE+hEeCxYygrWRhrY9RR4TyIuwngRB9rgY2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlCtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxpus+E+XNdbzbKOKpzBOVyCCzfQgntoQwcIzOAZXuHNyqwX6936WI5WrHLnFP7A+vwB/byTNw==</latexit>

k 2 R



<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ=">AAADAn </latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ=">AAADAn </latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...
<latexit sha1_base64="hx8MCIHqLUsywEW8tP5iN7ytikk=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA0lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8O/M7j1wboZIHnKQ8iOkwEZFgFK3k97QYjpBqrZ76lapbc+cgq8QrSBUKNPuVr95AsSzmCTJJjfE9N8UgpxoFk3xa7mWGp5SN6ZD7liY05ibI5ydPyblVBiRS2laCZK7+nshpbMwkDm1nTHFklr2Z+J/nZxjdBLlI0gx5whaLokwSVGT2PxkIzRnKiSWUaWFvJWxENWVoUyrbELzll1dJ+7Lm1Wve/VW1US/iKMEpnMEFeHANDbiDJrSAgYJneIU3B50X5935WLSuOcXMCfyB8/kDwReRhw==</latexit>!

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="5O4+OHoWflWNUHXkkiWmefYMr7g="></latexit> pt+1

o
(xt+1, yt+1),

#
ht+1

<latexit sha1_base64="hx8MCIHqLUsywEW8tP5iN7ytikk=">AAAB8nicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vjw4rGC/YA0lM120y7dZMPuRCmhP8OLB0W8+mu8+W/ctjlo64OBx3szzMwLUykMuu63s7a+sbm1Xdop7+7tHxxWjo7bRmWa8RZTUuluSA2XIuEtFCh5N9WcxqHknXB8O/M7j1wboZIHnKQ8iOkwEZFgFK3k97QYjpBqrZ76lapbc+cgq8QrSBUKNPuVr95AsSzmCTJJjfE9N8UgpxoFk3xa7mWGp5SN6ZD7liY05ibI5ydPyblVBiRS2laCZK7+nshpbMwkDm1nTHFklr2Z+J/nZxjdBLlI0gx5whaLokwSVGT2PxkIzRnKiSWUaWFvJWxENWVoUyrbELzll1dJ+7Lm1Wve/VW1US/iKMEpnMEFeHANDbiDJrSAgYJneIU3B50X5935WLSuOcXMCfyB8/kDwReRhw==</latexit>!

<latexit sha1_base64="mdw04AGuTGw7BjCXNRnidN9COoQ="></latexit> p1 p2 ... pt ...

o o ... ⇠ ...

(x1, y1), (x2, y2), ..., (xt, yt), ...

# # ... # ...

h1 h2 ... ht ...

<latexit sha1_base64="f4+sBTQZj84jPVjyNr3FA0CpqwI="></latexit>

ht+1 = ht � kr`(ht, (xt, yt))

Supervised classification under concept drift

accounts for a global rate of change

<latexit sha1_base64="f4+sBTQZj84jPVjyNr3FA0CpqwI="></latexit>

ht+1 = ht � kr`(ht, (xt, yt))

<latexit sha1_base64="uhUHK4rICLQPXBKgRMuUpLw3bTI=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQi1WXBjcsq9gFNKJPppB06mYSZSaGE/okbF4q49U/c+TdO0iy09cDA4Zx7uWdOkHCmtON8W5WNza3tnepubW//4PDIPj7pqjiVhHZIzGPZD7CinAna0Uxz2k8kxVHAaS+Y3uV+b0alYrF40vOE+hEeCxYygrWRhrY9RR4TyIuwngRB9rgY2nWn4RRA68QtSR1KtIf2lzeKSRpRoQnHSg1cJ9F+hqVmhNNFzUsVTTCZ4jEdGCpwRJWfFckX6MIoIxTG0jyhUaH+3shwpNQ8CsxknlCtern4nzdIdXjrZ0wkqaaCLA+FKUc6RnkNaMQkJZrPDcFEMpMVkQmWmGhTVs2U4K5+eZ10rxpus+E+XNdbzbKOKpzBOVyCCzfQgntoQwcIzOAZXuHNyqwX6936WI5WrHLnFP7A+vwB/byTNw==</latexit>

k 2 R

Class y = 1

Class y = 2

Rule h

Time t1 Time t2



MRCs for concept drift adaptation

Ut =
n
p 2 �(X ⇥ Y) : |Ep{�}� b⌧ t| � �t

o

<latexit sha1_base64="MH2uedIbqcjyGbMlUYaji8QqnKg="></latexit>

b⌧ t ⇡ b⌧ t�1 2 Rm

<latexit sha1_base64="YcWcZGwkmtSPoTQSTIS8zmmkvMQ="></latexit>



Multidimensional Adaptation

<latexit sha1_base64="UV/pdwhMnvKm3YwBOy5NYi+INDg=">AAAB/HicbVDLSsNAFJ3UV62vaJdugkVwVRIp6rLgxmUF+4AmhMlk0g6dTMLMjRBC/RU3LhRx64e482+ctFlo64FhDufcy5w5QcqZAtv+Nmobm1vbO/Xdxt7+weGReXwyUEkmCe2ThCdyFGBFORO0Dww4HaWS4jjgdBjMbkt/+EilYol4gDylXowngkWMYNCSbzbdIOGhymN9FS7gbO6Db7bstr2AtU6cirRQhZ5vfrlhQrKYCiAcKzV27BS8AktghNN5w80UTTGZ4QkdaypwTJVXLMLPrXOthFaUSH0EWAv190aBY1Xm05Mxhqla9UrxP2+cQXTjFUykGVBBlg9FGbcgscomrJBJSoDnmmAimc5qkSmWmIDuq6FLcFa/vE4Gl23nqu3cd1rdTlVHHZ2iM3SBHHSNuugO9VAfEZSjZ/SK3own48V4Nz6WozWj2mmiPzA+fwCtf5Vl</latexit>⌧ t

with

Dynamical system: model the evolution of each component of  
<latexit sha1_base64="UM5BLivzLja8D7JfJAEVf4DO798="></latexit>

⌘t,i =
h
⌧t,i, ⌧

0
t,i, ⌧

00
t,i, ..., ⌧

k)
t,i

iT<latexit sha1_base64="pbCLHILCVdABQqcL50iimJ35uQo="></latexit>

⌘t,i = Ht⌘t�1,i +wt,i

�i(xt, yt) = ⌧t,i + vt,i

Unbiased linear estimator of         with minimum MSE<latexit sha1_base64="BtB6fgvuCa0uxwITXwE/pueScOc=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARXEhJRNRl0Y3LCvYBTQiTybQdOnkwcyOUEDf+ihsXirj1L9z5N07aLLT1wDCHc+7l3nv8RHAFlvVtVJaWV1bXquu1jc2t7R1zd6+j4lRS1qaxiGXPJ4oJHrE2cBCsl0hGQl+wrj++KfzuA5OKx9E9TBLmhmQY8QGnBLTkmQeOH4tATUL9ZQ4DknsZnGKee2bdalhT4EVil6SOSrQ888sJYpqGLAIqiFJ920rAzYgETgXLa06qWELomAxZX9OIhEy52fSCHB9rJcCDWOoXAZ6qvzsyEqpiSV0ZEhipea8Q//P6KQyu3IxHSQosorNBg1RgiHERBw64ZBTERBNCJde7YjoiklDQodV0CPb8yYukc9awLxr23Xm9eV3GUUWH6AidIBtdoia6RS3URhQ9omf0it6MJ+PFeDc+ZqUVo+zZR39gfP4ACGWXQg==</latexit>⌘t,i
<latexit sha1_base64="Y4jGyScw6kJsdC/Ne3mS139/0iU="></latexit>

b⌘t,i = Htb⌘t�1,i � kt,i(b⌧t�1,i � �i(xt�1, yt�1))

b⌃t,i = Ht
b⌃t�1,iH

T
t +Qt,i � kt,ie

T
1
b⌃t�1,iH

T
t

Tracking underlying distribution: obtain 
<latexit sha1_base64="84cjLzJbJnxPHN0c9UEjTPUxGpo=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDIj9bEsuHFZwT6gU8qdTNqGZh4kd5Qy9Evc+CtuXCgiuNK/MdN2YVsPhBzOuTe593ixFBpt+8fKrayurW/kNwtb2zu7e8X9g4aOEsV4nUUyUi0PNJci5HUUKHkrVhwCT/KmN7zJ/OYDV1pE4T2OYt4JoB+KnmCARuoWL9xH4fMBYOp6kfT1KDBX6iIk43EXz+icKs27Phi9WyzZZXsCukycGSmRGWrd4pfrRywJeIhMgtZtx46xk4JCwSQfF9xE8xjYEPq8bWgIAdeddLLemJ4Yxae9SJkTIp2ofztSCHQ2oqkMAAd60cvE/7x2gr3rTirCOEEesulHvURSjGiWFfWF4gzlyBBgSphZKRuAAoYm0YIJwVlceZk0zsvOZdm5q5SqlVkceXJEjskpccgVqZJbUiN1wsgTeSFv5N16tl6tD+tzWpqzZj2HZA7W9y84CKRa</latexit>

b⌧ t,�t

<latexit sha1_base64="PGLc3bWO2l7lvtHKc33a1gdgkrM=">AAACDnicbZC9TsMwFIUdfkv5CzCyWFSVylIlCAFjBQtjQaSt1ESR47qtVdsJtoNURX0CFl6FhQGEWJnZeBucNgO0HMnS0Xfvle89UcKo0o7zbS0tr6yurZc2yptb2zu79t5+S8WpxMTDMYtlJ0KKMCqIp6lmpJNIgnjESDsaXeX19gORisbiTo8TEnA0ELRPMdIGhXb1tuZzpIeSZ8NJqI+hz8g9LCBGLPNyGtoVp+5MBReNW5gKKNQM7S+/F+OUE6ExQ0p1XSfRQYakppiRSdlPFUkQHqEB6RorECcqyKbnTGDVkB7sx9I8oeGU/p7IEFdqzCPTmW+p5ms5/K/WTXX/IsioSFJNBJ591E8Z1DHMs4E9KgnWbGwMwpKaXSEeIomwNgmWTQju/MmLpnVSd8/q7s1ppXFZxFECh+AI1IALzkEDXIMm8AAGj+AZvII368l6sd6tj1nrklXMHIA/sj5/AGfTm7U=</latexit>

R(ht)  R(Ut)
<latexit sha1_base64="1wD7nKRdoHJtviO29F+1QBk9O4M="></latexit>

TX

t=1

I {ŷt 6= yt} 
TX

t=1

R(Ut) +

r
2T log

1

�

Performance guarantees
Error probability

Accumulated mistakes

account for multidimensional time changes 
<latexit sha1_base64="A32eAS7vW51+MipaWnKn3dspuq4=">AAACJXicbZDLSsNAFIYn9VbrLerSzWARXJSQFKkuXBTcuKxgL9CGMplO2qEzkzAzEUrIy7jxVdy4sIjgyldx0mahrT8M/HznHOacP4gZVdp1v6zSxubW9k55t7K3f3B4ZB+fdFSUSEzaOGKR7AVIEUYFaWuqGenFkiAeMNINpnd5vftEpKKReNSzmPgcjQUNKUbaoKF9O+BIT4IwnWbDVNegl9XgCqob5DjOGufZ0K66jrsQXDdeYaqgUGtozwejCCecCI0ZUqrvubH2UyQ1xYxklUGiSIzwFI1J31iBOFF+urgygxeGjGAYSfOEhgv6eyJFXKkZD0xnvqhareXwv1o/0eGNn1IRJ5oIvPwoTBjUEcwjgyMqCdZsZgzCkppdIZ4gibA2wVZMCN7qyeumU3e8huM9XFWbjSKOMjgD5+ASeOAaNME9aIE2wOAZvIJ3MLderDfrw/pctpasYuYU/JH1/QOrWaQT</latexit>

kt,1,kt,2, ...,kt,m

[V. Alvarez, S. Mazuelas, J. A. Lozano, ICML 2022] 
[V. Alvarez, S. Mazuelas, J. A. Lozano, NeurIPS 2023]



Some numerical results

https://github.com/MachineLearningBCAM/MRCpy https://machinelearningbcam.github.io/MRCpy/

Algorithm Weather Elec2 German Chess Usenet1 Email Poker

DWM 30.0 36.3 41.2 35.2 36.3 39.5 22.0

Projectron 30.7 36.8 40.0 35.1 49.1 48.2 22.6

Unid. AMRC 31.3 40.1 30.3 38.3 46.3 48.4 39.4

AMRC 32.3 35.8 30.3 27.7 35.7 43.7 21.9

Det. AMRC 30.0 33.9 30.0 33.4 32.0 33.9 21.9



Conclusions
• Learning methodology that relies on expectation estimates and 

not on specific training samples 

• MRCs can minimize the worst-case expected 0-1 loss over 
general classification rules, and provide performance 
guarantees during learning

• Described MRCs’ generalization bounds and universal 
consistency

• The proposed methods can lead to algorithms that seamlessly 
address distribution shifts 
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